Preliminaries
We wish to sample on the surface of the sphere S p−1 = {x : x ∈ R p , x T x = 1} from an axial distribution with density proportional to x T Ax.
We assume that the matrix A is symmetric, positive definite and can be diagonalised
for orthogonal matrix R and diagonal Λ = diag(λ 1 , . . . , λ p ) with λ j > 0 for all j = 1, . . . , p. Using the notation from (Arnold & Jupp 2013) we can construct the density from an axial cardoid distribution f (x|κ, A) = 1 + κ A,t([U ]) = 1 + κtr A(xx T − I/p)
where the last line follows from the requirement that 1 − κtr(A)/p = 0 which ensures that the desired proportionality holds. In order to draw from this distribution we first take a draw u from
and then compute x = Ru.
Construction
The p−dimensional vector u has p−1 degrees of freedom which we parameterise as (t 1 , . . . ,t p−2 , φ p−1 ) with t j ∈ [−1, 1] for j = 1, . . . , p − 2 and φ p−1 ∈ [0, 2π) (see, e.g. Mardia & Jupp 2000, Ch. 9) .
We then construct the vector u as follows:
Here we have defined the symbols
and we further define
Under this parameterisation the uniform distribution on the sphere has the form
where B(a, b) is the Beta function Γ(a)Γ(b)/Γ(a + b) and we define
If the density is given by (2) then with respect to our chosen parameterisation of u we have
Integrating with respect to φ p−1 ∈ [0, 2π) we obtain the marginal distribution over (t 1 , . . . ,t p−2 ):
Further integrations over t j ∈ [−1, +1] lead to the general expression
which holds for j = 1, . . . , p − 2. When j = 1 we ultimately have
This latter distribution is a mixture of two Beta densities in t 2 1 . To simulate from it we proceed as follows:
1. Compute the mixture probabilities
To simulate t 2 , . . . ,t p−2 we draw each t j conditional on t 1 , . . . ,t j−1 by constructing the conditional distributions
This is a mixture of three Beta densities in t 2 j . The mixing proportions are
corresponding to the three component densities Beta( 2 ) respectively.
Thus to simulate t j |t 1 , . . . ,t j−1
1. Compute the mixture probabilities π j1 , π j2 and π j3 using (17) 2. Draw X j ∼ Categorical( (1, 2, 3) ; (π j1 , π j2 , π j3 ))
We carry out this procedure for j = 2, . . . , p − 2. Note that the procedure is also defined for j = 1, in which case π 1 = 0 and we have the same two component mixture derived earlier.
The final step is to draw the angle φ p−1 ∈ [0, 2π). Its conditional distribution is given by
This density has four-fold symmetry: ±φ andπ ± φ are all equivalent. To draw a value for φ p−1 we first draw U p−1 ∼ Uniform(0, 1) and then solve the equation 
in the interval φ * ∈ [0, π 2 ]. We finally set φ p−1 to one of the four values {±φ * , π ± φ * } with equal probability.
Once we have a full draw of the values (t 1 , . . . ,t p−2 , φ p−1 ) we use (3) to construct the vector u, and finally set x = Ru as the random draw from f (x) ∝ x T Ax.
